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Abstract. Burkholdcr obtained a sharp estimate of E \W\p via E \Z\p, 
for martingales W differentially subordinated to martingales Z. His re- 
sult is that E|M^|P < {p* - 1)P'E\Z\P, where p* = max(p, ^). What 
happens if the martingales have an extra property of being orthogonal 
martingales? This property is an analog (for martingales) of the Cauchy- 
Riemann equation for functions, and it naturally appears in a problem 
on singular integrals (see the references at the end of Section 1). We es- 
tablish here that in this case the constant is quite different. Actually, 
E,\W\P < (i^)PE|Z|P, p > 2, where Zp IS cL specific zero of a certain 
solution of the Legendre ODE. We also prove the sharpness of this esti- 
mate. Asymptotically, (1 -I- Zp)/{1 — Zp) = (4jo^^ + o(l))p, p — > oo, where 
Jo is the first positive zero of the Bessel function of zero order. This con- 
nection with zeros of special functions (and orthogonal polynomials for 
p — n{n + 1)) is rather unexpected. 



1. Introduction 

Let Z = {X, Y),W = {U, V) be two M^-valued martingales on the filtration 
of the 2-dimensional Brownian motion Bg = {Bis, B2sY' ■ Let 
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We want to be a martingale transform of Z defined by A. Let 



X{t)^ f lt{s)-dB,, 
Jo 

Jo 



where X,Y are real-valued processes, and lt{s),^{s) are R^-valued "mar- 
tingale differences" written as row vectors. 
Put 

Z{t)^X{t)+iY{t), Z{t)= [ {-^{s)+it{s))-dB,, 

Jo 

and 

Wit) = U{t) + tV{t), W{t) = [\A{l^{sf + tfisf yf ■ dB, . 

Jo 

We denote 

W = A-kZ. 

As above, 

U{t)^ f^{s)-dB,, 
Jo 

V{t)= [ l^{s)-dB,, 
Jo 

W{t)^ [ {lt{s) + ilJ'{s))-dBs. 
Jo 

We can easily write the components of lt(s), ^(s): 

ui{s) = -xi{s) - t/2(s), vi{s) = X2is) - yi{s) , 
^2(5) = X2{s) - yi{s), V2{s) = xi{s) + 7/2(5) ■ 

Note that 

it ■if' ^ uivi + U2V2 = -{xi + y2){x2 - Vi) + {x2 - yi){xi + 7/2) = . 
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1.1. Local orthogonality. The processes 



{X,U){t):^ / '^■itds, {X,V){t):= / '^■itds, 



are called the covariance processes. We can denote 



d{X,U){t) :^lt{t) -itit), d{X,V){t) -.^ it (t) ■ it (t) , 
d{Y,U)(t) := tit) ■ lt{t), d{Y,V)(t) := t{t) ■ ^(t), 
d{X,X){t) :=^(t)-^(t), d{Y,Y){t) ■.= f{t)-t{t), 
d{X,Y){t) - -^{t) ■ tit), d{U,U){t) lt{t) ■ lt{t), 
d{V,V){t) - lt(t) ■ lt{t), d{U,V)(t) - lt(t) ■ lt{t), 
d{Z, Z){t) := ^(t) ■ ^(t) + tit) ■ tit) , 
d{W, W)it) := it it) ■ it it) + it it) ■ it it) . 



The following observations are important. 

Lemma 1. Let W = U + iV be the martingale transform of Z = X + iY by 
means of the matrix A above. Then 




d{U, V) (t) = , d{U, U) it) = d{V, V) it) . 



(1.1) 



Equivalently, 



tit) -tit) ^0, \tit)\^\tit)\. 



Lemma 2. We have 



d{U, U) it) < 2 d{Z, Z) it) , d{V, V) it) < 2 d{Z, Z) it) . 
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Equivalently, 



lt{t) 



lt{t) <2{lt{t)-^{t) + t{t) 
^(t) <2{l^{t)-lt{t) + t{t) 



tit)) , 
tit)) . 



or, equivalently, 



d{W,W){t) < 4d{Z, Z){t) . 



Proof. We have 



lt{t) ■ lt{t) = (xi + y^f + (X2 - i/i)' <2{xl + yl + xl + yl)=2 d{Z, Z) . 



Definition 3. The complex martingale W = A-kZ will be called the Ahlfors- 
Beurling transform of the martingale Z. 

Now let us quote a theorem of Banuelos-Janakiraman [2] : 

Theorem 4. Let Z,W be two martingales on the filtration of the 2-dimen- 
sional Brownian motion, and let W be an orthogonal martingale in the sense 
of (HH).- d{U,V){t) = 0, d{U,U){t) = d{V,V){t). Suppose that Z and W 
satisfy the subordination property 



(I ■ I denotes the euclidean norm in R^). 

One can easily obtain a "dual" version for 1 < p < 2: 

Theorem 5. Let Z,W be two martingales on the filtration of the 2-dimen- 
sional Brownian motion, and let Z be an orthogonal martingale in the sense 



of dn]).- d{X,Y){t) = 0, d{X,X){t) = d{Y,Y){t). Suppose that Z and W 



Similar calculations can be made for v. 



□ 



d{W,W) < d{Z,Z). 



Let p > 2. Then for every t 




satisfy the subordination property 



d{W,W) < d{Z,Z). 
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Let 1 < p < 2. Then for every t, 

{E\w{t)\py/^ < J ^—{E\z{t)n'/r 

We use the notations 

||Z(t)||,:=(E|Z(t)nV^ 

Sometimes we omit t and just write 

Theorem m together with Lemmas [H [2] gives the following statement. 

Theorem 6. \\W\\p = \\Ai<Z\\p < y/2{p'^ - p)\\Z\\p, p>2. 

What happens in Theorems H] for 1 < p < 2 and in Theorem [5] for p > 
2 is quite interesting, especially because these problems have such a close 
connection to estimates of the Ahlfors-Beurling operator, and because these 
problems exercise a lot of resistance. See also [5] and [371 Section 5] where it is 
shown how a big class of singular operators can be obtained from martingale 
transforms. 

Acknowledgments. We are very grateful to Vasily Vasyunin who read the 
preliminary text and made many useful remarks. We are also very grateful 
to Fedja Nazarov for useful discussion and valuable remarks. 

2. Left-Right orthogonality. Main theorem 

As above, let us consider two R^-valued martingales Z = {X, Y) and W = 
{U, V), both on the filtration of the 2-dimensional Brownian motion. Using 
the previous notations, we write 

^(t) = vx(t), t{t) = vr(t), it{t) = vf/(t), it{t) = vv{t) . 

Here the symbol V stands for "stochastic gradient" of our martingales, some- 
what abusing the notations. We assume the pointwise orthogonality 

-^(t) ■ tit) = , \l^it)\ = \tit)\ , Itit) . iTit) = , |^(t)| = . (2.1) 

We also assume the pointwise subordination 

\t{t)\' + \irit)\'<\i^it)\' + \t{t)\'. (2.2) 
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To formulate our main result, let us recall that the Legendre function La{s) 
of order a is the unique (up to a multiplicative constant) bounded near 1 
solution of the Sturm-Liouville equation 

{{l-s'')y'{s)y + a{a + l)y{s) = 0. 

It is the hypergeometric function 2-Fi(— a, a + 1, 1; 

For any p G (2, oo) consider the positive number ap such that ap{ap+l) = p 
that is 

ap- 2 

Consider the largest zero of Lap{s) on (0, 1). Denote it by Zp. 
Theorem 7. Let p > 2, let Z,W satisfy and (122]) ■ Then 

\mp<^\\z\\p. 

i Zp 

Moreover, this constant is sharp. 

Remark. In a recent preprint of Baiiuelos and Osekowski j4] this theorem 
is extended to < p < 2. Moreover, it is extended to conformal martingales 
in M'^. The extension is in the language of Bessel processes, which allows for 
non-integer d as well! 

Let Jo be the Bessel function of the zero order, 



™2ra 

n 



n>0 ^ ' 

Denote its first positive zero by jo- It is known (see, for example, [39i Section 
15.51]) that 

jo ^ 2.4048. 

Furthermore (see Section [TOj) . 

1 1 + ^p 4 
hm - ■ = 

p^oo p 1- Zp 

Smce Jo > 

our theorem gives better linear asymptotics for the constant 
as p — )■ oo than that in Theorem |H 
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To prove Theorem [7] we are going to introduce the following Bellman func- 
tion, a variant of Burkholder's function from [T]-[l0], which will work for 
orthogonal martingales. 

3. The Bellman function 
We consider the martingales given by the stochastic integrals 

X(t)=X(0)+ / l^{s)-dB,, Y{t)=Y{0)+ [ t{s)-dBs, 
Jo Jo 

U{t) = U{0)+ [ lt{s)-dBs, V(t) = \/(0)+ f lf{s)-dBs, 
Jo Jo 

M{t) = M(0) + [ ^{s) ■ dBs . 
Jo 

We assume that the martingale Z(t) = {X{t),Y{t)) satisfies the condition 

\im 'E\Z{t)\P < oo. 



t—^ca 



(Since E|Z(i(:)|P is monotone, we have limt_j.oo E = sup^^g E 

The martingale M{t) is any martingale majorazing the sub-martingale \Z{t) \^. 

Here we assume that the 5 x 2-matrix of random processes 

satisfies pointwise the condition e{s) G A, where 

A = {ee M5X2 : enCai + 612622 = 0, ej^ + = ej^ + ej^, 631641 + 632642 = 0, 

2|2 2|2 2|2|2|2 ^ — 2 1 2 1 2 1 2 ~i 

631 + ^32 — ^41 + ^42? ^31 + ^32 + ^41 + ^42 — ^11 + ^12 + ^21 + ^22/ • 

The random process e{s) is also assumed to be a non-anticipatory process, 
that is, e{s) is measurable with respect to the cr-algebra generated by the 
2-dimensional Brownian motion {Br , t < s}. 

Introduce now W = {U, V). For T = (Ti, Tg, T3, T4, Tg) G we define 

B{T):= sup {\imE\W{t)\P} . 

all non-anticipatory processes e^j such that e(s) G A, i— i-oo 
XiO) = Ti, Y{0) = Ta, i7(0) = T3, 1/(0) = T4, M(0) = T5, M(t) > \Z{t)\'' 
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It is convenient to change the notations and write everything in the follow- 
ing more compact form of a motion in M^: 

R{t) = R{0) + [ e{s)dBs . 
Jo 

Then 

B(T) := sup { lim E (R:,{t)^+R^(t)y/^} . 

all non-anticipatory processes Cij such that e(s) £ A, 

The function B{T) is defined on the following convex domain inside M^: 

Q := {T e : T5 > {Tl + T^Y''^} . 

3.1. Properties of the Bellman function. Let us fix a positive time t. 
Choose any non-anticipatory process e(r), < r < t, satisfying the above 
restrictions. If we start from a point -R(O) G we obtain the points Pt — 
R{t,u). These are our starting data now. 

Choose a matrix process e(s) ,s>t, for a given R{t,u), that attains the 
supremum in the definition of B{R{T)) up to a small e > 0. Then the process 
e, equal to e(r), < r < t, e(s), s > t, should be compared to the processes 
for the starting data T = R{0) giving the supremum in the definition of 
B{R{0)). Let us do this comparison. Introduce 

F{T) = (r| + T^y/^ . 

Let R(t) be the martingale driven by e constructed above. Using the for- 
mula of full probability and stationarity of Brownian motion Bg we can write 
"Bellman's principle" : 

B(R(0)) > EF(i?(oo)) = B'E(F(R(oo))\R(t,uj) = Pt) > EB(i?(i)) -s. 

In other words, 

E{B{R{t)) - B{R{(}))) <0. 

Since F is convex, and R{t) satisfies the martingale property for any initial 
point T — R{0) in fl, we have obviously 

B{T) > B{R{t)) > EF(i?(oo)) > F(ER{oo)) = F{R{0)) = (T| + r|)2 . 
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Now we apply the Ito formula for the difference: 

E{B{R{t))-B{R{0))) = ^ f E ^2 (dRkis) ■ dRiis)) ds ; 

"^0 k,l=l ^ ' 

we use here that E |i?s+As — -Bsp = As. Note that by the formulas at the 
beginning of the section, dRj{s) is exactly ej(s), that is the j-th row of the 
matrix e. Therefore, 

E iB{R{t)) - B{Rm) = ^ r E ^ (it(^) ■ ^{s)) ds 

k,i=i ^ ' 

t 

E trace {e{sf d^B e{s)) ds < , 

where d^B denotes the Hessian (matrix) of B. 

This formula holds for all non-anticipatory matrix processes e(s), < s < t. 
We have already tacitly assumed the smoothness of B. Using this assumption 
again, we divide the latter inequality by t and pass to the limit t — t- 0. Then 
we get: 

- trace {e{sfd'B e{s)) = - V (it ■ ^) > eeA. (3.1) 

Actually we might hope to have more (and these hopes will be, although 
only partially, fulfilled): 

max V ^ (it . i[) = 0, . (3.2) 

k,i=i " ' 

We will not use (13. 2p in the future. As we told, it was just a hope. 

A more rigorous analysis of how to obtain (13. 2 p can be found in [21] . Still, 
it is not totally clear what conditions guarantee that "each state has the best 
control" . 

Note that each vector ej,j = 1, . . . , 5 has two coordinates. Let us unite all 
first coordinates and call the corresponding 5- vector e^, similarly we get e^. 
Then (13. ip can be rewritten as 

trace {e^d^B e) = {d^B e^) ■ + {d^B e^) ■ < , eeA. 
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Similarly, we might hope to have 

max trace (e^rf^Se) = sup {{d^B e^) ■ + {d'^B e^) ■ e'^) = . 

Theorem 8. Let be any function such that 

trace (e(s)^c/2^ e(s)) < 0, eeA (3.3) 
(in the sense of distributions), 

^(T) > F{T) , (3.4) 

and let for some c> we have 

^(T) < c^Ts , (3.5) 

for all T satisfying Ti = T2 = T3 = T4 = 0. 

Then \\W{t)\\p < c\\Z{t)\\p, for any time t and any two orthogonal mar- 
tingales W, Z such that W is differentially subordinated to Z in the sense of 

o. 

Proof Fix t > and denote Ri := X, R2 := Y, R3 := U, R4 := V, M : = 
\{Ri{t), i?2(t))|^. Consider the martingale R^i^s) = E {M\J^s), where J^s is the 
cr-algebra generated by Bi{t),B2{t) for r < s. Let us consider E\E'(_R(s)). If 
we apply Ito's formula to \Ef(i?(s)) on [0,t] and take the expectation, we get 

E^iRit)) = r ^ ^l-(dR,is) ■ dRiis)) ds + ^{Rm . 

Next we use fl3.3p - fl3.5l) and the convention R^ = U , R4^ = V to get 

E|(?7(t),\/(t))r<M/(i?(0))<c^'i?5(0). 
Since R^i^s) is a martingale, we have 

i?5(0) = Ei?5(0) =Ei?5(t) = EM = E|(i?i(t),/?2(t))r- 



It remains to note that we have the convention: Ri = X, R2 = Y. 



□ 
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Corollary 9. The best constant c such that B{T) < c^T^ for all T satisfying 
Ti = T2 = T3 = T4 = coincides with the best constant c such that \\W{t)\\p < 
c\\Z(t)\\p, for any time t and any two orthogonal martingales W, Z such that 
W is differentially subordinated to Z. 

It is easy to see several other properties of B. For example, by multiplying 
our martingales Ti, T2, T3, T4 by a positive constant r one obtains: 

B{tTi,tT2, tTs, rT4, r^T,) = r^Z?(r) . 

Let S* be a unitary operator on M^. Note that if we multiply its matrix by 
a matrix 

Xi ;X'2 

_yi y2_ 

such that its rows arc orthogonal and the norms of rows are equal, then we 
have again a matrix with orthogonal rows having the same norm. 

For us this means that given {U,V)'^ (or {Ri, R2Y , {Rz, RaY in 

other notations), we can apply S to these vectors, and we can multiply the 
corresponding martingales for any t by the constant unitary matrix of S. 
Note that the process e will be transformed. Namely, the fifth row stays the 
same, but the rows 1, 2 and the rows 3, 4 form matrices which are multiplied 
on the left by the matrix of S. As we have found out, the new matrix e' 
has the same properties of rows as e! So again e' E A pointwise. Of course, 
\S -{U, VY'{t) \ = \{U, V)^{t) \ pointwise. This reasoning gives us the following 
property of B: 

B{T) b{{T^ + TiY'\ {Ti + Tlf'^ T,) . 

The next property becomes obvious when we take Ri{t) — R3{t),R2{t) — 
R^it): 

{Tl + T|)f/2 < B{T) . 

3.2. Reduction of the number of variables. Fix some c > and T' = 
(Ti, T2, T3, T4). Recall that (T', T5) e O if and only if T5 > (T^ + T|)f/^ and 
consider 

$(r') = = sup {B{T) - C^Ts) . 

T={T',T5):TeCl 
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If c is larger than the best constant in Corollary |9l then $ is well defined 
at 0, and hence, everywhere. 
Obviously, we have 

$(tT') = fP^T') , (3.6) 
^(T') =: 0((T2 + r|)^/^ (r| + T2)1/2) . (3.7) 

By the submartingale property of |W^(t)|^ we obtain: 

(Tl + T^)P/^ < B{T) . 

What is much less easy (but still true) is that the concavity in the sense of 
(13. ip is also preserved. It is much less easy because the supremum of concave 
functions is not obliged to be concave. But if we have a concave function 
of several variables and form a new function which is the supremum of the 
original function over one of the variables, then the result is concave again. 
The same reasoning gives 

- trace (e'^rf^^ e') = - V — — (it ■ ^) > , eeA. (3.8) 

Here e' denotes the matrix e with deleted fifth row. 

Inequality (13.81) can be rewritten (again, in the sense of distributions) as 

trace(e'^rf2<l>e') = (rf^$e^) -e^ + (c/2$e^) -e^ < 0, eeA. (3.9) 

Here e^,e^ are 4- vectors, namely is the (column) vector of the first coor- 
dinates of all vectors et, k = 1,2,3,4, and is the (column) vector of the 
second coordinates of all vectors et, k = 1,2, 3, 4. We write = {h, k)'^ , = 
{h', k'Y^ , where h, k, h' , k' are (row) 2-vectors. Furthermore, the conditions 
on e' are the same as those on e but now with the fifth row deleted. We call 
these conditions A, and here they are: 

\h\ = \h'\, = h-h' = Q, k ■ k' = 0, \k\ < \h\ . (3.10) 

The next property is obvious: 

(Tl + T|)P/2 - (T^ + T|)^'/2 < $(T) . (3.11) 
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In the opposite direction, starting with a function $ and c > satisfying 



and apply Theorem [8l 

Corollary 10. The best constant c such that there exists a function $ sat- 
isfying (13 -Gp . ( \3.7\i . fl3.9p . (13. lip coincides with the best constant c such that 
\\'^{t)\\p ^ c||Z(t)||p, for any time t and any two orthogonal martingales W, Z 
such that W is differentially subordinated to Z . 

3.3. Another reduction of the number of variables. The function $ has 
4 variables, but the radial symmetry allows us to reduce it to a function of 
only 2 variables. Namely, using (13. 6p and (13. 7p we obtain a function (f){x,y), 
X > 0, y > such that 



Given a vector h, we denote by h the projection of h on the direction or- 
thogonal to z] given a vector k we denote by k-^ the projection of k on the 
direction orthogonal to w, the same with h', k'. 



Set X = {Tf + T^y/^, y = {Tl + Tlf^, mi = M2 = M3 = ^4 = y- We have 



dMD, dSTD, dMD, dMH), we can define 



(3.12) 



By (13. lip , we have 

y^ — (fx^ < 0(x, y) . 




duj _ Tj (9$ _ d4> Tj 



1 < J < 4, 



dTj Uj ' dTj duj Uj ' 



1 < J < 4, 



52$ 



(9Tj^ (9u^ u'j duj v?j 



1 < J, < 4, Uj = Uk, j ^ k, 



dTjdn 




(9^0 TjTk 



1 < j, < 4, T^Mfc. 



dTjdTk dxdy xy ' 
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Then 

(c/2$ (h, kf) ■ {h, kf + {(f^ {h', k'f ) ■ {h', k'f = 

x ox Ox^ oxoy Oy^ y Oy 

X ax ax^ axa?/ ay^ ?/ ay 

X 9x 9x^ (9x9?/ dy"^ y dy 

Here 5* stands for a unitary operator sending w to z. Note that the last 
expression must be non-positive for any /i, k such that 

\k\<\h\. 

Thus, (13.91) becomes (in the sense of distributions) 

i§^l'f+f|l'f+2|^(")+f|l*^i§^l*P<0. I*I<|A|. (3.13) 
X Ox ax^ axaj/ ay^ ?/ Oy 

4. Reduction to differential inequalities in one dimension 

We can reduce our problem to the following one. We are looking for the 
smallest c such that the function 

hc{x,y) ■.= y^ - 

can be majorized by a solution of the differential inequality (I3.13P satisfying 
(I3.12p . Both (j) and he are p- homogeneous. Therefore, we can further reduce 
our problem to that on functions of one real variable. First note that (I3.13P 
is equivalent to the fact that a certain quadratic polynomial is negative when 
its argument is bigger than 1 in absolute value. This is equivalent to three 
inequalities, the first and the second of which are 

1 90 ^ 9^ _ 2^ + ^ + 1^ < (4 1) 

X dx dx"^ dxdy dy"^ y dy ~ ' 

190 9^0 ^920 9^0 190^^ 

— ll _^ - + 2 — — H -H ^<0. (4.2) 

X dx 9x2 dxdy dy"^ y dy 

These relations claim just that our quadratic expression is negative when its 

argument is equal to ±1. 
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Let T> denote the discriminant of our quadratic expression, 

V dxdy J \x dx dx"^ J \y dy dy"^ ) 
Clearly, if "D < 0, and if the quadratic polynomial is negative at ±1 by (14. ip . 
(14. 2p . then it is negative for all the arguments exceeding 1 in absolute value 
and (I3:T3D holds. If 1) > 0, then fl37[3D follows from gl]), (g^D, and the fact 
that the smaller root of the quadratic expression belongs to (—1, 1), which is 
our third inequality: 



^2 



pl/2 



< 



9^0 ^ 1 90 



dxdy ~ dx"^ x dx 

Now using homogeneity we write 

y — X y 1 + s 



X 



1 



s :- 



X + y 
(f){x,y) = (a; + y)P0 



X + y 2 
X y 



X + y X + y 

1-s 1+s 



X + y 
X + yYcf) 



2 ' 
1 -s 1 



g{s) := 

On {{x,y) : X + y = 1} we have: 

0XX = p{p - l)9{s) - 2{p - 1)(1 + s)g'{s) + (1 + s)'g"{s) 
p{p - l)g{s) + 2{p - 1)(1 - s)g'{s) + (1 - s) V(s) 
Pip - l)gis) - 2{p - l)sg'{s) - (1 - s^)g"{s) , 
0x 2p 



'yy 



X 



1-s 



2(1 + s) 
9{s) [s) 

, , 2(1 - s) , 



1 + s 



^xy + (Pyy 



Denote 



Kg{s) 



p{p - l)gis) - 2{p - l)sg'{s) - (1 - s^)g"{s) 
Dg{s):={il-s')g'{s)y + pg{s), 

Dg{s):=^^+Kg{s). 



(4.3) 



(4.4) 



(4.5) 
(4.6) 

(4.7) 
(4.8) 
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Then (14. ip . f l4.2p can be rewritten correspondingly as 

Dg{s) = (1 - - 2sg'{s) + pg{s) < , sE [-1, 1] , (4.9) 



Dg{s) = ^^ + Kg{s)<0, se[-l,l]. (4.10) 



Next we pass to (14. 3p . Suppose that Dg = on an interval /. Then we 
can calculate on {{x,y) : x + y = 1, G /}: 

(j)xy = p{-2sg' + pg) , 
1 1 

-<Px + (t>xx =p{-2{l + s)g' +pg) , -(py + cl^yy = p {2(1 - s)g' + pg) . 
X y 

Therefore, 

V = Ap^g''^ > , 

and condition (14.30 becomes 

1 1 - 2sg' + pg\ - 2\g'\ | < | - 2(1 + s)g' + pg\ , (4.11) 

which is just the triangle inequality. 

Thus, for any interval / where g is a solution of the Legendre equation 
Dg = 0, (14.30 is automatically satisfied on {{x,y) : G /}. 

5. Case p = n{n + 1) 

From now on, we assume that p = a{a + l), a > 1, and we use the notation 
Da for the operator D defined in (14. 9p . 

If a = n G N, then p = n{n + 1) and the Legendre functions L„ (i.e. 
the solutions of the equation DnLn = bounded near the point 1) become 
Legendre polynomials (see, for instance, IHl Section 3.8]): 

Note that L„(l) = 1. 

Let us consider an obstacle function 
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Our first remark is that 



(( 



1 + S\P 



p 



(1 - s')Kis) . 



a 



p — I 



In particular, the inflection point ip of he coincides with the point where 
the function D^hc changes the sign from positive to negative (when we move 
from s = 1 to s = — 1). 

Suppose that a = n > 1 is an integer, li p = n{n + 1), then the Legendre 
equation Dng = has two linearly independent solutions: one is the Legendre 
polynomial L„ of degree n, and another, Q„, has logarithmic singularities at 
X = ±1. 

The following statement is a partial case of Lemma [12] we prove later on: 

Lemma 11. Consider the set Yp of all linear combinations of these solutions 
Ln and Qn- For any y G Yp, let f{y,p) be the largest zero of y on [—1, 1]. 



Consider all the pairs (/, he), where / is a solution of the Legendre equation 
such that /(I) > 1 and he is as above (recall that he{l) = 1), / > he on some 
interval (x, 1], and / and he have the same values and the same derivatives 
at X. Here is a question which will occupy our attention almost till the end 
of this section: 

Question: What is the smallest c possible for such pairs? 
Theorem 12. The smallest c is ii^. 

l-Zp 

Consider the following situation: Ln,a and he touch at a certain point x = 
x{p,a), the first function being above the second one on (x(p, a),l]. It is 
easy to obtain such a situation. Fix a > 1 to have L„ (i(l) > 1. Note that 
he{l) = 1 for every c. Take sufficiently large c. Since Zp is the first zero of 
Ln (counting from 1 to the left, p = n{n + 1)), we have Ln,a > he on [zp, 1]. 
Start to decrease c. At a touching point x = x{p, a),c = c{p, a) we have the 



Then 



mm/(?/,p) = f{Ln,p) =: Zp . 
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equations 



Then 



l + a;\p-i A 



2 =a(-(l-x)L;(x)+L„(x)), 
^j^l-xy-i ^ ^ _ ^^^^^^ 



and we get 



1-xJ ^{l-x)LUx) + Ln{x)' 



Let us consider the function 

(1 + xYL'^ix) - p{l + xy~'Lr,{x) 



(3{x) :-- 



;i - xyu^ix) + p{i - x)p-^Ln{x) ■ 

Lemma 13. The function /3 is strictly increasing on the interval [zp, 1). 

Proof. Let us differentiate /3 and use the fact that L„ satisfies the equation 
(1 — x^)L^(x) — 2xL'^{x) + pLn{x) = 0. Then we get 

P'{x){il - xYL'^jx) + p{l - xr-'Ln{x)f 

= L„(x)((l - x')L':^{x) + {p-l)- 2xLUx) - p{p - l)L4x)) 

= p{l-x^)Ln{x)LlXx). (5.2) 

The only zero of L„ on [zp, 1) is Zp. The polynomial L„ is positive on {zp, 1). 
Let us show that 

L':(s)>0, se[^p,l). (5.3) 

The orthogonal polynomial L„ has exactly n zeros on [—1, 1] (it is a general 
property, but it also follows easily from formula fl5.ip ). Then has exactly 
n — 1 zeros on [—1, 1], and its largest zero is to the left of Zp. Furthermore, 
has exactly n — 2 zeros on [—1, 1], and its largest zero is also to the left 
of Zp. Since L„ is zero at Zp and one at 1, we conclude that the sign of L'^ on 
[zp, 1) is positive, which proves (15.31) . 
Thus, the function /3 is strictly increasing on [zp, 1). □ 
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We continue by defining 

a{x) := 1{C-^Y-' + mC-^Y-')L'^ixr , X e [z,, 1). 

Then (x, a(x), x E (zp,!), is a touching triple, in the sense that 
a{x)Ln touches hj^i^^y/p at the point x. We have aheady checked that (3 
increases strictly on [zp, 1) from [jz^Y to +oo. Let us check now that a{x) 
decreases strictly on [zp,l) from 

a{zp) = h\_+^{zp) / L'^{zp) (5.4) 

to 1. 

Lemma 14. The function a{x) is strictly decreasing on [zp, 1). 
Proof. At the touching point, we have 

a{x)Ln{x) = . 

Differentiating both sides gives us 

a'{x)Ln{x) +a{x)L'^{x) = /i^(^.)i/p(a;) - f3'{x)(^^—^y . 
Since h'^^^y^p{x) = a{x)L'^{x), we obtain 

a'{x)Ln{x) = = ~A{x)Ln{x)L'^{x), 

where A{x) > 0. Since L„ > in {zp, 1) and L" > in [zp, 1), the assertion 
of the lemma follows. □ 

Summing up, we have unique touching triples (x, a(x), for x E 
[zp,l) with a{x) — )■ 1 and (3{x) — )■ oo as x — )■ 1. Let (zp, a{zp), (3{zpy^'P) be 
the triple at Zp. Choose c large enough so that he < a{zp)Ln on the whole 
interval [zp, 1]. Now decrease c continuously till he {he increases) first meets 
a{zp)Ln at some point x E [zp, 1). 

If the meeting point x is on {zp, 1), it must be also a touching point. Then 
a{x) = a{zp). On the other hand, x > Zp, and so by Lemma one has 
a{x) < a{zp). We came to a contradiction. Thus, the meeting point is Zp. 
Next we verify that it is also a touching point. Indeed, c is equal to jz^, 
therefore h'^^Zp) = a{zp)L'^{zp) by (15.41) . This means exactly that he (with 
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this c) not only meets a{zp)Ln at Zp but also touches it at Zp. Finally, he 
stays below a{zp)Ln on the whole {zp, 1): that is how we constructed that c. 
This completes the proof of Theorem [T21 

Here is a different proof of Theorem [121 Let us start with several remarks. 
First of all, let us fix 1 < a < a{zp) and starting with c = oo let us decrease c 
until the first time hc{x) meets L„ ^(x) on [zp, 1) being below Ln,a{x) on the 
whole interval [zp, 1). Since a < a{zp), the meeting points are on {zp, 1), and 
hence are touching points. 

The touching point on the interval [-Zp, 1) (we call it x{a) = x{n,a)) is 
unique. Otherwise, suppose that for some a > 1 and for some c = c(a) we 
have two touching points on [zp, 1). Then by the previous considerations we 
have 



which contradicts to Lemma [131 We increase a and get decreasing c(a) and 
touching points x{a) G [2;p, 1). How can this process end up? The first 
possibility is that for a certain > 1 we have he lying below Ln^ap and 
touching it at Zp. Then automatically c = Cp := jz^, and Op = a{zp)] 
otherwise, the process may stop when = a{zp). Then again c = Cp = 

One more proof of Theorem [T21 can be obtained from the following fact 
which we establish for all j9 > 2: 

Lemma 15. The common tangent line ip separates the graphs of La,ap and 
hcp on {zp, 1) if p = a(a + 1) > 2. 

Proof. It is easy to calculate the slope of ip-. 



f3{x,) = /3{x2) = (f , 



1 + 



l + Zj 

1 — z. 



■p 



■p 



) 



n + zp y-^ 1 
^\ 2 J 1-Zp 



Then 




Later on we prove that 




p>2. 



(5.5) 
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In Lemma [20] below we prove that La is convex on [zp, 1]; hence, La,ap 
hes above ^p. The function is concave on (zp, ip) (recall that ip denote 
the unique inflection point of hc^). So hc^ < ip on {zp,ip]. In particular, 
hcpiip) < ipiip)- On [ip, 1] the function /i^p is convex. We have seen that at 
the left end of this interval it is lower than the line ip. Inequality (15. 5p shows 
that the same happens at the right end point 1, because hc^il) = 1. This 
completes the proof of our lemma modulo (15.51) . 

To verify (15. 5 p we first establish 

1 + z„ p 
Lemma 16. > , p > 2. 

Proof. We have 

pLa{x) = -{il-x')L'^{x)y. 
We integrate this equality from Zp to 1: 



Since is convex on [-Zp, 1], the integrand is bigger than L'^{zp){x — Zp). 
Therefore, 

{I - zl)L'^{zp) >^-L'^{zp){l - zpf . 

This is equivalent to 

\-Zp - 2 

which proves our assertion. □ 

To prove (15. 5p and to finish the proof of Lemma [15] it remains to mention 
that 

p \p-i 1 

^ >-, P>2, 



+ 2/ ~ p 

or pP > {p + 2y~^. This elementary inequality is true for p > 2 with equality 
only for p = 2. □ 

Thus, our best meeting point is Zp, and our best Cp is 

1 + 

1- Zp' 
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As x{p, a) = Zp and Cp are already defined, we determine a = Up from equalities 
above: 

pZ/l + ZpXP-i /I + Zp\p /I - Zp\p-i' 



2\\ 2 / VI- z 



5.1. A candidate for the solution of (ji^ . (14.101) . (ji^ . We consider the 
function (recall that p = n{n + 1)) 

^n,ap(s), S e 1] 

^cp(s), s G [-l,2;p] . 

It is C^-smooth, and it satisfies (14. 9p : Dgp < 0. In fact, it actually satisfies 
the equality Dgp = on the interval [zp, 1]. On the interval [—1, z^, Qp = h^^ 
(recall that /icp has an inflection point ip such that = {^zfY ^ located 
to the right of Zp satisfying the property = (yzI^)^)- Recall also that 
at the beginning of this section we checked that the inflection point of he 
coincides with the point where Dh^ changes the sign from negative to positive. 
Therefore, to the left of ip we have Dhcj, < 0, which implies that to the left 
of Zp we have Dgp = Dhc^ < 0. 

Now let us check (ICTj) . ( lOj) . Recall that Dg = ^ + Kg. Therefore, to 
check (I4.10p (i.e. Dgp{s) < 0), it is sufficient to prove that 

-Kgpis) = (1 - s^)g';is) + {2p - 2)sg'pis) - {p' - p)gpis) > . 

The function gp coincides with on [—1, Zp]. Note that 

Khcis) = 

identically on [—1, 1] for any c. So we need only to check the inequality 
—KLn{s) > on [zp, 1]. We are to verify that 

(1 - s')L:{s) + {2p - 2)sL'^{s) - (/ - p)L^{s) > , 

and we have 



DL^is) = (1 - s')L':^is) - 2sL'^is) + pK{s) = . 



(5.6) 
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Therefore, it suffices to check that 
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p{2sL'^{s) - pL^{s)) > , se[zp,l]. 
Using (15.61) once more, we see that this follows from fl5.3p . 

Lemma 17. For p = n{n + 1) , inequality fl4.3l) is satisfied for the function 
y) = {x + yYOpi^) such that = L^^ap to the right of Zp and gp = h^^ 
to the left of Zp, where Cp = jz^- 

Proof. If s = 1^ belongs to (zp, 1], then gp = Ln,ap, and fl4.3l) follows, see 
(14. lip . To check (14. 3 p for others s is easy. Indeed, here gp = hc^. For 

ij{x,y) := {x + yY{{y/{x + y)Y-cP{x/{x + y)Y) = y^-c^xP we have V'xy = 0, 
i^x/x + ipxx = — c^p^x^"^, i'y/y + i'yy = p'^y^~^. Inequality (14. 3 p for ip can be 
written as 



I 1 1/2 

\{tpx/x + iJxx){lpy/y + 1pyy)\ <\lpx/x + iJcc 



or, equivalently. 



y"'^ < c^xP-^ . (5.7) 



If s < Zp, then 

(1 + sf-' < c;{i - sf-', 

and (EZD follows by □ 

Remark 18. We have proved (14. 3 p for p = n{n + 1) . However, our argument 
extends to all p > 2. 

All the inequalities (14. ip . (14. 2p . (14. 3 p are now proved for p = n{n + 1). 
This shows that the constant in the orthogonal martingale estimate for such 
p satisfies the inequality 

1 + z„ 



^ 

^'^l-Zp 



Cr, < 
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6. Legendre equation. General facts 
Here we list some useful facts from 



Consider the equation 

P{x)y" + Q{x)y' + R{x)y = 
near the point x = Xq, where P, Q, R are analytic functions and 

^''~''°^pM' P{x) 

are analytic functions in a neighborhood of xq (the regular singular point 
case). Suppose that the mdzcm/ polynomial 

r(r - 1) + a^r + , 

where 

ao = lim [x - xq)—— , bo = hm {x - xq) 7--- 

x^xo P[x) x^xo r[x) 

has a double root r = ri. Then our equation has two linearly independent 

solutions represented in a small half-neighborhood (xq, Xq+e) by the formulas 

00 



fi{x) = (x - xo)''' ^ an(a; - xq)" , 

n=0 

/2(a;) = /i(x) log + (x - xo)'^^ V &„(x - xq)" 



X - Xo ^ 

n=l 

the series converge absolutely for x G (xq — e, xq + e), 7^ 0. 
In the case of the Legendre equation, 

{I- x'^)y" -2xy' +py = (6.1) 

we will use these notations for a bounded and an unbounded solutions near 
Xo = 1: 



2-12^ ' (2-l2)(2-2 

, xn+l P(l-2-p)...(r2(n-l)-p) _ 

+ 1 2-(n!)2 + 
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For integer a this is a Legendre polynomial. Furthermore, in a half-neighbor- 
hood (1 — £, 1) we have 

/2(x)=/i(x)log-^ + i/(x), 
1 — X 

where H is real analytic in a neighborhood of 1; /i and /2 are real analytic 
on (-1,1). 

7. The case p > 2 

To extend our solution of the main problem from the case p = n(n + 1) to 
the general case p > 2, we need to prove a couple of lemmas. Denote by 
the rightmost zero of j\ on the interval [—1, 1]. We are going to prove two 
things: (1) for every solution of Legendre equation (16.11) . its rightmost zero 
on the interval [—1, 1] is at least z^] (2) the solution /i is strictly convex on 
1]. 

We need also Remark [TS] to complete the reasoning for all p > 2. 

Lemma 19. For every solution of Legendre equation (16. ip . its rightmost zero 
on the interval [—1,1] is at least Zp. 

Proof. Note that /2(1) = +oo. Consider the Wronskian W{x) = f2{x)fi{x) — 
fi{x)f2{x). Section gives us that W{x) x x < 1. So is positive near 
X = 1. We know that 

2r 

W'ix) = -Wix) , 

1 — x"^ 

and, hence, W preserves the sign. Consider 

W{Zp) = f2iZp)fl{Zp) - f[{Zp)f2{Zp) = -f[{Zp)f2{Zp) . 

The function /i is positive on [zp, 1], and it changes sign at Zp, so f[(zp) > 0. 
If f[{zp) = 0, then by the Legendre equation, fi{zp) = 0, and differentiating 
the Legendre equation, we get f["\zp) = for all n. This is impossible as 
the analytic function fi would then vanish identically. Hence, f[{zp) > 0. We 
conclude that 



f2{Zp) < 
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Consider a linear combination /a = ci/i + C2/2 with a positive C2. Then 
fsi^Zp) < by what we have just proved. Since /3(1) = +00, /s must have a 
zero on {zp, 1). For negative C2 we have the same conclusion. □ 

Lemma 20. The function fi is strictly convex on [zp, 1) forp > 2. 

Proof. We have 

(l-x2)/f-2x/{+p/i = 0, 
(l-x2)/r-4x/r + (p-2)/{ = 0. 



Then 



/i(i) = |./;'(i) = ^ 



We have already observed that f[{zp) > 0. By the first equation above we 
get f^izp) > . 

Let Xi G {zp, 1) be the first point where /"(xi) = 0. Then obviously 
f[{xi) > 0, and by the second equation above /"'(xi) < 0. So /i does 
change convexity to concavity passing through xi. Furthermore, we have 
just seen that /('(I) = ^^^^^ > 0. So /i should change from concavity to 
convexity again, say at X3 G (xi, 1). Let X3 be the closest to xi point with 
this property, so that f" < in between. Then there exists X2 G (xijX^) 
such that fi'{x2) = 0, fi^x-z) < 0. Plug this to the second equation at the 
beginning of the proof and note that then 

Therefore, using again the Legendre equation we see that will stay 

negative till the point 1. This is impossible because they are strictly positive 
at 1. □ 

Let us observe that Remark [TS] and Lemmas [TI?| [2D] are the only ingredients 
we need to carry through the reasoning for general p > 2. We just repeat the 
reasoning we used for the case p = n(n+l) replacing the Legendre polynomials 
Ln by /i. We finally get the proof that for p > 2 the best constant for the 
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martingale transform of orthogonal martingales satisfies the inequality 



Cr, < 



P — 1 ' 

I- Zp 

where Zp is the largest zero of the solution /i of Legendre equation fl6.ip : 
(1 — x'^)y" — 2xy' + py = on the interval [—1, 1]. We also proved that 
Zp = miuy ma.x{z{y)}, where z{y) denotes any zero z of any nontrivial solution 
y of (16.11) on the interval [—1,1]. 

8. Sharpness 
We use the spherical coordinates 

X = r sin(^) cos(0), y = r sin(^) sin(0), z = r cos{6). 

The Laplacian in spherical coordinates is 



Changing the variable s = cos 6, we define the obstacle function 

y(^0) = /i±i^A _ ^a(a+l) ( 1 - COS "{"+1) 



2 / V 2 

We associate to v an auxiliary obstacle function in M^, 

V{r,e,(t)) = r''v{e). 

Observe that the function V has separated variables and azimuthal symmetry 
(i.e. no dependence on (p). 

Consider now the minimal superharmonic function ip, ip > V. Then ip has 
the same symmetries as V does. This is a consequence of taking infimum 
over the superharmonic majorants of the form ilj{ax + by, —bx + ay, z) and 
■^ip{Xx, Xy, \z); this infimum which has both homogeneity and rotational in- 
variance is again superharmonic. Thus the minimal superharmonic majorant 
ip{r,6,(f)) > V has the form 



ip{r,9,(p) = i?(r)e(0)<l>(0) = r"e(^). 
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Applying the spherical Laplacian and using the azimuthal symmetry, we ob- 
tain (at least in the sense of distributions) that 

sm{e)A^p = a{a + l)r"e(^) sin 9 + r"(e'(e) sin 9)'. 



Dividing by sin 6, we get 

Ai/j (e'(^)sin( 



+ a{a + 1)0(9). 



r°' 2 sin^ 

Here 9 G (0, vr). The right hand side is the trigonometric form of the Legendre 
operator. The usual form ((1 — s^)y')' + a{a + l)y is obtained from this by 
the substitution s = cos9 and y{cos9) = 0(6*). In particular, we obtain that 
seeking for the minimal y{s) > v{s) = hc{s) such that 

((l-sV)' + «(« + l)l/<0 

is equivalent to seeking for the minimal superharmonic ip > V . It is well- 
known that ip is harmonic wherever if) > V . We know that the only harmonic 
function satisfying these homogeneity and symmetry conditions corresponds 
to a solution of the Legendre equation. 

We recall that the Bellman function B from the beginning of the paper 
generates a function g on [—1,1] satisfying fl4.9l) . fl4.10p . We use only f l4.9p . 
which shows that this particular (7 is a supersolution of the Legendre equation: 
(1 — x'^)g" — 2xg' +pg <0. Thus, the function g generates a superharmonic 
majorant of V given by the formula 

^(r,^,0) = r"^(cos(^)) . 

Since ^ < \E', there exists another solution of (14. 9 p which actually satisfies 
the Legendre equation everywhere, where it is strictly bigger than h^. Denote 
this solution of the Legendre equation by L. When L and he meet at a 
certain point Sq, it should be a point where they are tangent to each other. 
Otherwise, ii L > he on (sq, sq + e), and L{so) = hc{so), then L'{so) > h[{so). 
Define a new function: / = L to the right of Sq and f = h^to the left of Sq. It 
cannot be a solution of (14.90 . In fact, the inequality L'{so) > h'^{so) implies 
that /"(so) is a positive delta function, and so satisfies at Sq the inequality 
exactly opposite to (14.90 . 



ORTHOGONAL MARTINGALES 29 

Thus, L is inevitably tangent to at a meeting point. Furthermore, 
such pairs {L,hc), where L is a solution of the Legendre equation and he is 
an obstacle function, were already considered when we were looking for the 
smallest constant c. Thus, the minimal possible c is jz^- 

9. Another way to prove sharpness 

The use of the Laplacian in is of course very specific for the Legendre 
equation. The Legendre equation and spherical harmonics are close relatives. 
We want to show an approach that uses much less specifics of the ODE (still, 
it uses some of it). 

Let 

P{x)y" + Q{x)y' + R{x)y = 

be an equation such that the functions P, Q, R are real analytic, and let Xq 
be a regular singular point (we choose Xq = 1 as in the Legendre case, but 
this is of no importance). One has two solutions: a bounded one, /i, and an 
unbounded one, f2- In particular, this happens when the indicial equation 
has a double root ri = as in the Legendre case. The reader may take a 
look at Section ini We assume here that /i(l) > and (unlike in Section [H]) 
Ml) = -oo. 

Let b be the closest to 1 zero of /i, 6 < 1. We deal only with the interval 
[b, 1], and assume that P, Q, R keep sign on [b, 1). 

Lemma 21. Let g be a supersolution on [6, 1], that is P{x)g" + Q{x)g' + 
R{x)g ^ 0, and let g{b) > 0. Then g{l) = — oo. 

Let us first explain why this lemma implies the sharpness of the constant 
Cp. Recall that the Bellman function B from the beginning of the paper 
generates a function g on [—1,1] satisfying (14.91) . (I4.10p . We use only (14. 9p . 
which shows that this particular g is a. supersolution of the Legendre equation: 
(1 — x^)g" — 2xg' + pg <0. We constructed a special solution Lp^ap with the 
"best" zero Zp, positive on {zp, 1]. The obstacle function hcp lies below Lp^ap 
and touches it at Zp. If our g were such that g > hcOn [—1, 1], and c < Cp, then 
g > hc{zp) > 0. Lemma [2T] shows that the inequality g > he is impossible on 
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[zp, 1] because hdX) = 1, g{l) = — oo. Therefore, we must have c > Cp. And 
this is exactly the sharpness of our constant. 
It remains to prove our lemma. 

Proof of Lemma Consider two Wronskians: 

W{x) = f',{x)f,{x)-f[{x)f2{x), 
W{x)=g\x)f^{x)~ f[{x)g{x). 
Using that g is a, supersolution, and /i is a solution we can write on (6, 1): 

Q ~ 
W < --pW. 

On the other hand, we have everywhere 

W' = -^W. 

Combining these two relations we get 

W' ~ 

W'<—W. (9.1) 
W 

Furthermore, it is easy to see that lim^.-,.! W{x) = — oo (because of the be- 
havior of /2). The Wronskian W preserves the sign, so W{x) < on [b, 1). 
Therefore, (19. ip (after division hj W < 0) can be rewritten as 

{W/Wy > on [6, 1) . (9.2) 

Note that W{b) = -g{b)f[{b) < 0, W{b) = -f2{b)f[{b) < 0. Set k = 
^ > 0. Inequality (ES]) shows that 



f2{b) 

W{x)/W{x) > K 

on [b, 1]. Using the negativity of W, we get 

W{x)<kW{x), xe[b,l). (9.3) 

Note that (g/fi)' = W/ff, (/2//1)' = W/fl Then becomes 

9\' ff2 



Hence, 



(f)'..(f)'on|M). 



g f2 

— <«; — + const on [b, 1) . 
Ji Ji 
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Now we see that lim^..-^.! g{x) = — oo. The lemma is proved. 
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10. ASYMPTOTICS OF Zp 

The Mehler- Heine formula (1868), 

lim L„(cos— ) = Jo{x) 

n— >-cxD,nGN ^ n 

establishes a relation between the Legendre polynomials L„ and the Bessel 
function of zero order Jq. As a consequence (jSH Theorem 8.1.2]), 

lim n(n + 1)(1 - 2;„(„+i)) = ^, (10.1) 

where jo is the first positive zero of the Bessel function of zero order Jo- 

Let /3 > a > 1, DJ^ = 0, D^f^ = 0, /„(1) = /^(l) = 1, and let /„(x) > 0, 
Xa < X < 1, fa{xa) = 0. If fi3{x) > ou [xa, 1], then -Dq/^ < on [Xa, 1], 
and, hence, is a positive supersolution for Da on [xa, 1] which is impossible 
by Lemma [2T1 Thus, Zp increases for p G (2, +00), and (110. ip gives us 

lim p{l - Zp) = ^. 

11. On Burkholder functions 

We did not find the formula for the function B from Section 13.11 However, 
we have found the formula for the function $ = from Section [3^ Indeed, 
the function of two variables associated to gives rise to a function Qp 
of one variable on [—1,1] such that the corresponding function r°'gp{cos6) 
(recall that p = a{a + 1)) expressed in the spherical coordinates in is the 
least superharmonic majorant of 

l.(.,M):^."((ii|^)'-^(i^)'). 

How to recognize the least superharmonic majorant of a given function V7 
This is the function which is harmonic everywhere where it is strictly bigger 
than V. We constructed (using our gp) exactly such a function. So we can 
completely restore $ from gp. 
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12. One-sided orthogonality. Answers and questions. 

Suppose that Z is orthogonal, and W is not. We always assume that W is 
subordinate to Z . For 1 < p < 2 we have cited an estimate 




Is this sharp? We do not know. 

What if p > 2? Here is a result which we prove in [S]: 

where s* is the closest to zero of a bounded near solution of the Laguerre 
equation 

s2£" + (l-s)£' + p£ = 0. (12.1) 

This estimate is sharp, see [B]. 

Suppose that W is orthogonal, and Z is not. For p > 2 we have cited an 
estimate 

iWk<yS||z||,. 

Is this sharp? We do not know. 

What if 1 < p < 2? Here is a result which we prove in [6]: 

where Sp is the closest to 1 zero of a bounded near solution of Laguerre 
equation ( 112. ip . This estimate is sharp, see [6]. 
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